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Lecture 12: Viscous effects and phase separation hinetics

Linear non-equilibrium thermodynamics.
· Local thermodynamic equilibrium.
· Gradients in intensive variables , cause currents & fluxes of their conjugate
variable . current density hinetic crefficients2

Phenomenological laws: i= Zt
& thermodynamic drivingforces.

Microscopic time reversibility : Lij =Lji
COnsager reciprocal relations)

·

Entropybalance =Fo + Up entropy production
I

entropydensity entropya density
5) (consequence of second law + imposing it locally )
Last lecture we only discussed energy and particle conservation.

= Tip =(f) +Let .

& =0 = Lept (f) + L (t)

We implicitly assumed the absence of viscous effects , or fluid flow.
In this Lecture

,
we will include such effects consistent with 1st & 2nd law.

First
,
we will focus on the first law of thermodynamics.

Consider no componentmixtur
-

PK : mass density of component k.

=S



Gaup ②

Sdh-Jd . (h) = -Sdphh) valid for arbitrary
--
material flow ofcomponent
& into volume V

= Summationaembe
conservation of mass = p-phh barycentrie

density 1)
or centre-of-mass

Can be augmented to include velocity-
chemical reactions.

Alternatively , we can write :

DPK = -ph-vo Th = Ph(oh-) "diffusion flow"

&= -p to 1 =+
Dt

material derivative
or (barycentric)substantial time derivative.

Note that:e = 0 Only n of diffusion flows are independentn

Furthermore , we have balance of linear momentum :

=-+Ziph body face

&
pressure densor

Here
,
we assume that body forces

(minus the stresstensor) are conservative : +
Th = - TPh

and we define potential energy density pp
:= Epate



③
Finally, we

have the conservation of energy.

↳-./
Total specific energy

: e =t + + + u

Y ↑
* specific

kinetic potential
internal energy.

energyou energy

We are interested in the part related to u.

Consider balance of linear momentum .
Take inner product with

and rewrite

) =- . (P . ) +In
# : B = AdpBoo Since t+Ca
& (p) =-) +Pu + Zip (i) .

Since Oth =0 ,
it follows from mass conservation that

· (4) = -vo(2) -Zipn-Za
(ii) -

This motivates us to decompose :

Je = per + Po +Z which defines the heatf

Insertion ofJe in energy balance and using (i) & (ii) :

&- . (pm+g) - E: +Za ·En
internal energy not conserved

!



⑭
We decompose: =p+

viscous pressure tenora

hydrostatic
pressure

Then equation for specific internal energy is :

↑-g-p-+2F
I

mit
mass

S
added

#-penDt First law of thermodynamics witnrection
.

with u = p" the specific volume (volume per unit mass)

What about the second law ?

Now s is specific entropy.

& -ots , tot +W=-
220 Es = Es ,

tot-pst

Local equilibrium: = du +pdud
withCh = Oh the mass fraction

Local equilibrium : TPD-
Furthermore P =-



⑤
j=(n)
w= E·(7)- (TM)-
Heat flux is not uniquely defined ,

see de Groot &Mazur pp 25-27·
What about viscous pressure tensor.

We take Is .t . Top = #Bo (no sources of torque

We can always decompose [=tr(t)1+
↑ traceless symmetric .

Similarly : V =5)+
access port.

then :
I: = #:+

symmetric#
traceless

Now we see that the entropy production splits as

· g·()-(T-F2)--
-i

vectorial tensorial scalar

Thermodynamic fluxes do not depend on all components of thermodynamic

forces -> Gurie symmetry principle.
Can be proven (not here) that fluxes and thermodynamic forces
of different tensorial character do not mix1



⑥
We conclude that :

= (g* (f) - gh(h) (but no coupling with)

: Lig(F) -Lik(M
Top =-p = - (up +apv -zp()
# =- ) /T .

Note all coefficients are scalars reflecting the underlying isotropic
System 1 Generally they are densors .

Furthermore ORR : LigLgi
Lik = Li.

Due to the Curie principle , we have more over thatscalar , vectorial , and

tensorial parts of 2 are separately positive definite.
It is insightful to focus on a one-component isotropic system :(F2 =KR)

=- (p) Continuity equation .

p = -p +Us + (5ys + 4b)(t - ) Navier-Stokes-↑D =-p +z()() + yb(- )2
-

Rayleigh dissipation function
thereUs= shear viscosity Equations of thermohydrodynamics.

13
= E bulk viscosity
·

.

No diffusion

>= - heat conductivity . Above should be supplemenda
by p = p(piT) and u= ulgiT)



⑰
Spinodal decomposition
Recall typical phase diagram of a system that can undergo
condensation : T CP

↑
&inal

nucleation
& growth. decompositionn.

To describe spinodal decomposition , we take purely diffusive iso thermal

dynamics :

· = D . [ppu]
& lets interpret

this as the chemical potential
.

intrinsic

= DG] Dynamical density functional theory



⑭
Lets take a square-gradient approximation :

Flo] = SarEff(p()) + KIFp()K] . I constant .

-EliGahn-Hilliard equation .

Linearise : prit) = Po + Split) lg(it)) Po
-

constant

bulh density ,

Split) =Dpfo)pit)-2kporitt
We solve in Fourier space : Ght) = fare-irSp(t)

Find
la

R(h) = - Dof(0) [+ Th
:= Deoop .

"cooperative diffusion constant
"

Note within spinodal Drop <O ("uphill diffusion")



⑮
Within spinodal : fluctuations amplify :(R)0 for somah) ·
Outside spinodal PO fluctuations relax .

Growth rateRIk)
Ran Roh)

~ E .# Deeper the
quach
- kx4

Typical length scale : RE (domain size

=> fiver the structure

Quenchin unstableregionproducesinstabilitiesthatgowexponentiallast
quickly than others

>

Experimental determination via scattering
scattered intensity :] [(jz) Sigt)
"dynamical structure factor"

St) = <% (t) (p (-g:0))

One can show that (Onsager regression hypothesis

Stgt) = S(g , o) eR(yt



S(g ,

t)
peak position

⑳
shifts due totitio neftI -

9 I

Linear Cahn-Hillard theory Experiment- Domain size

grows
o

Dynamical scale
invariance.imid (slides !

Nachan-
A = GπR-

· Mixed state locally stable , but globally unstable
Locally stable it linearly stable-

· Relaxation to equilibrium requires non-linear= large spontaneous
fluctuation or external perturbation.

· Rate of formation can be estimatedfrom thermodynamic arguments
Work done to create drop : 46=/ ,M + &A

# of A particles in drop-



⑪
Note that : · Freenergygainu G=) competita

U . 4n computable from model free energy 1.

mo

-g=)+

-= p,dentsCritical nucleus : 01
=> Ry = o (local minimum) Stable .

Re = - (maximum)
P,M

Hence : N
*= Cite critical nucleus)

4G= Inucleation barrier) .

Note : (i) Nearlinodal : IM-0 = NX+@n4G+ To.
-

(ii) Near spinodal : U+ o =) Ne+ o Boltzmann

Steady state nucleation rate : J : Kpoe
* tectorating

for probability

X ↑ thatcritical
#nuclei per

initial nucleusisone

mitvolume attuany. concentration

BLG* slower nucleation - 4gar


